MATH 223: Multivariable Calculus

Notes on Class 3

September 15, 2023



Derivatives and Integrals for f : R! — R”

Vector-Valued Functions of a Real Variable
Begin with F : R — R?

F(x) = (f(x), g(x))
Difference Quotient

F(x + h) — F(x) _ <f(x+h)— f(x) g(x—i—h)—g(x))

h h ’ h
So
F(x) = im "R RO (9 g100)
Example: F(x) = (cos x, x> —2x)

Solution: F'(x) = (—sinx,3x? —2)

Example: F(t) = (tant,Int)
Solution: F/(t) = (sec®t,1)




Nothing Special about m =2

F(x) = (A(x), 2(x), ..., fm(x))

F'(x) = (fl’(x), £3(x), ... f,;,(x))
Example: F(t) = (t’,t73,sin(t?))
Derivative: (7t% —3t=*, 2t cos(t?))

IMAGE of F is a Curve (1 dimensional) in R™.



Tangent Lines

L(t) = F(x) + tF'(x)

Example: F(x) = (x> + 7x + 3,8 +sin x)
Then F/(x) = (3x% + 7, cos x)
At x =0:F(0) =(3,8) and F'(0) = (7,1)
The Equation for the tangent line at (3,8) is

L(t) =(3,8) + t(7,1) = (3+ 7t,8+ t)

We can write as x =34 7t,y =8+ 8 so
t:%3andy:8+x—;3



Bottom Line
F=(A,f ... )

where each fi : R — R!

F is continuous if and only if each f; is continuous

F is differentiable if and only if each f; is differentiable
= (. f, ... 1)

/F:Uﬂ,/@,...,/fm)

KEY STEP IS THEOREM 2.2.1



