MATH 223: Multivariable Calculus

THEOREM: GIVEN A COLLECTION F(x,y)= Q OF m EQUAT\ONS
DEFINED IN TERMS OF x (n VARIABLES) AND y (m VARIABLES),

SOLUTIONS TO F(x,y)=0 NEAR A SOLUTION PONT (x,y)=a

CAN BE REALIZED AS AN MPLICIT FUNCTION
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“Getting Tidy on Monday: Let’s do Data Science”
TidyTuesday is a weekly social data science project. Each week a
new topic is posted and participants explore a data set, create
visualizations, fit models, and share their findings on social media.
Using a TidyTuesday dataset, in this talk, we will collaboratively
complete a data science project. | will begin by briefly presenting
my research interests and experiences and then we will embark on
a data science project where we will identify a data set, perform
exploratory data analysis using Shiny, create a research question, fit
and evaluate a regression model in R, and provide an answer to our
question. As time permits, we will share these findings on GitHub.



Today
Finding a Potential Function
Implicit Differentiation 1I

Implicit Function Theorem



Example: Find a potential function f if

2
VF(x,y) = (2xIn(xy) + x — y?, X7 —3y°x)

Step 1: Check Equality Of Mixed Partials

f(x,y) =2xIn(xy) + x = y® = f, =2xLx —3y? = & —3y?
f(x,y) = ——3yX:>f;,X:2;<_3y2

Step 2: Integrate with respect to one of the variables
Here we will integrate f, with respect to y so f has the form

2
f(x,y) = /); —3y’xdy = x%Iny — y3x + H(x)
for some function H of x.

Step 3: Take partial derivative of the result of Step 2 with respect
to the other variable to see how close we are to the result we want.
Fix the difference by adjusting the "constant” of integration.
With f(x,y) = x2Iny — y3x + H(x), we have

f(x,y) =2xIny — y* + H'(x)



With f(x,y) = x?Iny — y3x + H(x), we have
fe(x,y) = 2xIny — y* + H'(x)
which we want equal to
2xIn(xy) + x — y> = 2xInx + 2xIny + x — y3
Thus we need H'(x) = 2xInx + x so we can take

H(x) = x*Inx+ C
Step 4: Put it all together to form a potential function:

f(x,y) =x*Iny —y3x + H(x) = x*Iny — y*x +x*Inx + C



Implicit Differentiation Il

The Surface 2x3y + yx?> + t> =0 and the Plane x+y +t—1=0

intersect along a Curve which contains the point
t=1x=-1y=1

Check: Surface: 2(—1)(1) + 1(—1)? + 12 = 0; Plane:
-1+14+1-1=0

Treat x and y as unknown functions of t.
Problem: Find x'(t) and y'(t) at (t,x,y) =(1,-1,1)

Each equation defines a surface in 3-space and intersection of two
surfaces is a curve.
The curve has some parametrization G

G(t)=[x(t) | ,R* = R



t
G(t) = (X(t)) R = R3

y(t)
Consider R & R3 & R2
(R 23y + 2+t (0
WhereF(X’y’t)_(Fg(t)>_<x+y+t1 =0
Then F(G(t)) =0 for all t
Differentiate using Chain Rule:

1
w3 & %) (2) -
y

2t 6x%y +2xy  2x3 4 x? j/ (0
1 1 1 )~ o



Write

2t 6x%y +2xy 2x3 4 x? j, (0
1 1 1 ;] \o

as

2t . 6x%y +2xy 2x3+x%\ (X\ _ [0
1 1 1 y') = \o

or

6x%y +2xy 2x3 + x%t\ (X _ (2t
1 1 y) T 1

Multiply each side by inverse of coefficient matrix

X\ 6x%y +2xy 2x3 + x° ot
y) = 1 1 1



X\ _ 6x%y + 2xy  2x3 + x2 1ot
y') 1 1 1

()= =) ()
() ()
(54 6)
s (2) - (5
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More Generally

Flar ) =0) g .
{Fz(x,y, t) =0 define x, y implicitly as functions of t

Problem: Find x’(t) and y’(t) where f(t) = <;)

t
Set Up: R! S 13 E R2 where G(t) = (X(t)) JF(t,x,y) = (,I::l>
2

y(¢)
Then F(G(t)) = 0 so F'(G(t))G'(t) = 0 which we write as
1
(Fe, Fx, Fy) (X’) =0or F + [F, F][f'(t)] =0
y/

f'(t) = —[F, ] F:

Here the notation is

Fix F1 F1t>
Fr = A A o
(7) 5= () = (2
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